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We clarify the relation between noncommutative spacetimes and multifractional geometries, two
quantum-gravity-related approaches where the fundamental description of spacetime is not given
by a classical smooth geometry. Despite their different conceptual premises and mathematical
formalisms, both research programs allow for the spacetime dimension to vary with the probed
scale. This feature and other similarities led to ask whether there is a duality between these two
independent proposals. In the absence of curvature and comparing the symmetries of both position
and momentum space, we show that κ-Minkowski spacetime and the commutative multifractional
theory with q-derivatives are physically inequivalent but they admit several contact points that
allow one to describe certain aspects of κ-Minkowski noncommutative geometry as a multifractional
theory and vice versa. Contrary to previous literature, this result holds without assuming any specific
measure for κ-Minkowski. More generally, no well-defined ⋆-product can be constructed from the
q-theory, although the latter does admit a natural noncommutative extension with a given deformed
Poincare´ algebra. A similar no-go theorem may be valid for all multiscale theories with factorizable
measures. Turning gravity on, we write the algebras of gravitational first-class constraints in the
multifractional theories with q- and weighted derivatives and discuss their differences with respect
to the deformed algebras of κ-Minkowski spacetime and of loop quantum gravity.
PACS numbers: 02.40.Gh, 04.50.-h, 04.60.Bc, 05.45.Df
I. INTRODUCTION
The deformation of the symmetries of general relativity
is a typical feature of quantum-gravity scenarios. Effects
of quantum or anomalous geometry can break Poincare´
symmetries in local inertial frames as well as diffeomor-
phisms at a global level. The theory may still be invari-
ant under other types of symmetries, which typically are
a deformation of classical Poincare´ and diffeomorphism
symmetries. Thus, there are two meanings in which one
has a deformed algebra of the generators of such symme-
tries. One is by deforming the generatorsAi → A′i, which
corresponds to a deformation of classical symmetries. For
instance, in the quantum theory one can have a momen-
tum operator P ′i which generates a symmetry xi → f(xi)
analogous to the usual spatial translations xi → xi + ai
generated by Pi, such that f(xi) ≃ xi + ai when quan-
tum corrections are negligible. In this case, one regards
P ′i as the generator of “deformed spatial translations.”
The other way in which an algebra is deformed is by a
change in its structure. For instance, given a classical al-
gebra {Ai, Aj} = fkijAk one might end up with an algebra
{A′i, A′j} = F (A′k) in the quantum theory, which can be
written also in terms of the generators of the classical
symmetries, {Ai, Aj} = G(Ak), for some G 6= F .
Given the proliferation of theories where spacetime ge-
ometry is heavily deformed by quantum-gravity effects
or by other mechanisms, it is important to discriminate
∗ calcagni@iem.cfmac.csic.es
† michele.ronco@roma1.infn.it
among all the different ways in which symmetry algebras
are deformed. This task is all the more urgent considering
that many such theories share some striking similarities.
For instance, all of them are characterized by dimensional
flow, the change of spacetime dimensionality with the
probed scale [1–3]. Three examples, which are the focus
of the present paper, are noncommutative spacetimes [4–
8], multiscale (in particular, multifractional) spacetimes
with weighted and q-derivatives [9, 10] and loop quantum
gravity [11, 12]. We recall that multiscale theories are
such that the effective dimensions of spacetime, suitably
defined, change with the observation scale (dimensional
flow). Multifractional spacetimes are multiscale space-
times whose measures in position and momentum space
are factorizable in the coordinates.
Noncommutative and multifractional spacetimes cap-
ture, in different manners, some features that, according
to evidence, expectations, or intuition, should charac-
terize quantum gravity. In particular, spacetime non-
commutativity aims to give a picture of a quantum
Minkowski spacetime by promoting coordinates to non-
commutative operators. Independent studies have shown
that it can arise from full-fledged theories of quantum
gravity [13–23], thereby enforcing the belief that quan-
tum gravity might require a description in terms of space-
time noncommutativity in its flat regime. More impor-
tantly, it is possible to extract effective physics and make
predictions, some of which have been of direct relevance
for phenomenology [24–26]. Among them we remind
energy-dependent dispersion of radiation, in-vacuo bire-
fringence, modified composition laws for momenta, blur-
ring images of distant sources due to spacetime fuzziness,
and so on [27, 28]. One of the main motivations for study-
2ing multifractional geometries comes from the fact that
they are simple models to realize dimensional flow, a fea-
ture common to all quantum-gravity approaches and in
some cases related to improved renormalization proper-
ties [29]. They explore the possibility that spacetime is
not a continuous manifold but, rather, a multiscale geom-
etry or, in some cases, even a multifractal. To account
for a fractal structure, the integration measure and ki-
netic terms have to be deformed. Fractal properties of
geometry may arise in an intermediate regime between
the infrared continuous spacetime that we perceive and
a discrete fundamental picture (available in some other
top-down quantum-gravity approaches) at the ultravio-
let scale. Remarkably, the hypothesis of fractality gives
exactly the same measure required, more generally, when
the infrared is reached as an asymptote, and it produces
a very rich phenomenology that goes from effects on
electroweak processes to gravitational waves, to modi-
fications of the cosmic microwave background spectra,
and more [29]. Multifractional frameworks are indepen-
dent theories with a top-down construction, but they can
also be regarded as bottom-up effective models in certain
regimes of interest for phenomenology [29]. In parallel to
these approaches, loop quantum gravity could, in princi-
ple, provide a full solution to the problem of quantizing
the gravitational interaction; its phenomenology is still
under construction.
Experimental data are the best (and, of course, a nec-
essary) guidance in the construction of physical theo-
ries. This is the main reason why approaches such as
noncommutative spacetimes and multifractional geome-
tries, with so many contacts with phenomenology, have
been developed and will not easily get old. However,
the search for convergences or, on the opposite, depar-
tures between different approaches which are attracting
interest in the literature, represent one of the ways to
make some progress in quantum gravity. We can bene-
fit from the study of links or dualities among quantum-
gravity proposals for several reasons. First of all, du-
alities can clear up the highly diversified panorama of
quantum-gravity research and, moreover, yield new in-
sights and bring novel physical predictions. Bottom-up
approaches are, by construction, incomplete and each of
them addresses the quantum-gravity problem from a dif-
ferent perspective. Then, it is natural to regard them as
different pieces of the same jigsaw puzzle and to look
for the existence of possible complementarities. Fur-
thermore, due to the fact that they focus on different
features, bottom-up approaches use very different for-
malisms designed to develop a certain characteristic of
quantum gravity. As a consequence, they may be use-
ful and powerful in the characterization of some aspects,
but weak or inadequate in the description of others. For
instance, while dimensional flow is the cornerstone of
multifractional geometries, there are fragmentary hints
of its presence in noncommutative spacetimes and, in
certain cases, it remains difficult to derive it rigorously.
On the other hand, integration measures can be either
factorizable or not in noncommutative spacetimes, but
we do not consider nonfactorizable measures in the con-
text of multifractional geometries. In the light of this,
finding that these approaches are complementary would
contribute positively to their development. Finally, it is
important to look for synergies between top-down and
bottom-up approaches because the latter are not candi-
date quantum-gravity theories (they always rest on some
kind of simplification) and they need to be embedded
into a top-down proposal. Conversely, the complexity of
top-down approaches often forbids us to extract physical
predictions.
Some relations among these frameworks have been ex-
plored in the past. In Ref. [30], it was shown that the
cyclicity-inducing measure of κ-Minkowski spacetime can
be reproduced by the spacetime measure of multifrac-
tional theories in the limit of very small scales. This
suggested a tight relation, or even a duality, between κ-
Minkowski spacetime and some multifractional theory.
However, in order to have a duality it remained to show
that both theories have the same symmetries. Since the
publication of Ref. [30], this issue remained unaddressed.
We feel that the relation between noncommutative space-
times and multifractional geometries deserves to be fur-
ther studied and fully clarified. For the aforementioned
reasons, determining what is such relation is important
not only from a mathematical point of view, but also and
especially from the perspective of phenomenology. The
main objective of this work is to perform a complete and
self-contained analysis of this problem. In this paper, we
will fill this gap and conclude that, although κ-Minkowski
is not exactly dual to any of the known multifractional
theories, it shares a number of similarities which per-
mit to describe, in certain regimes, this noncommutative
spacetime as a multifractional one and vice versa.
In the process, we will recover previous results in a
more general way. In Ref. [30], a class of noncommuta-
tive spacetimes was constructed such that their cyclicity-
inducing measures in position space coincide, after in-
specting the Heisenberg algebra of spacetime coordinates,
with a specific fractional measure ∼ xα employed in mul-
tifractional theories. Contrary to that approach, we will
face this problem at the level of the Poincare´ algebra and
find a correspondence between κ-Minkowski and the non-
commutative version of a certain multifractional space-
time, without imposing cyclicity invariance. Generalizing
to an arbitrary multifractional measure, we will obtain a
class of noncommutative spacetimes endowed with a cer-
tain deformed Poincare´ algebra, which we will write down
explicitly.
Note that noncommutative spacetimes do have dimen-
sional flow [4–6] and, therefore, are multiscale by defini-
tion [31]. The issue here is whether they are dual to com-
mutative multifractional spacetimes, which are a special
case of multiscale geometries. We immediately spell out
the main reason why one cannot establish an exact du-
ality between κ-Minkowski and any of the commutative
multifractional theories: multifractional measures are al-
3ways factorizable both in position and in momentum
space, while, in general, the measures of κ-Minkowski
in position and momentum space do not enjoy this prop-
erty. It is therefore natural to find different symmetries
in these theories. These findings lead us to a reconsid-
eration of the mutual standing of noncommutative and
multifractional theories: rather then being dual to each
other, they are one the extension of the other to the
case of nonfactorizable position or momentum measures.
They simply cover different regions in the landscape of
multiscale theories (roughly sketched in [31]).
In parallel, a connection between κ-Minkowski space-
time and the effective-dynamics (or effective-constraint,
or deformed-algebra) approach of loop quantum gravity
(LQG) [32–34] was found recently [23]: the deformed
Poincare´ symmetries of the two theories are mutually
compatible. To see this, one plugs the Killing vectors of
Minkowski spacetime into the LQG deformed constraint
algebra and recasts the first-class constrains in terms of
rotation, boost and translation operators on flat space.
Since there is a relation between κ-Minkowski and mul-
tifractional spacetimes, one may wonder if there is also a
relation between the latter and the effective limit of loop
quantum gravity described by the deformed-algebra ap-
proach. Such relation will not be a duality for the reasons
explained above: if the symmetries of κ-Minkowski are
compatible with those of loop quantum gravity but dif-
ferent from the symmetries of multifractional spacetimes,
then the latter cannot be exactly equivalent to loop quan-
tum gravity. Nevertheless, it is possible to construct the
deformed algebra of the gravitational constraints in two
multifractional theories (with q- or weighted derivatives)
and compare it directly with the anomaly-free algebra
found in the effective-dynamics approach of LQG. We
will do so here and discuss similarities and differences in
the deformations.
The plan of the paper is as follows. In Sec. II, we ex-
plore the possibility to interpret multifractional space-
times as noncommutative spacetimes in disguise. In
Sec. II B, we take the bicross-product Casimir opera-
tor in κ-Minkowski and find the corresponding multi-
fractional measure in position space; however, the cor-
responding momentum measure is different from that of
κ-Minkowski. In Sec. II C, we turn the problem around
and look for noncommutative spacetimes dual to the
multifractional theory with q-derivatives. Interpreting
the product of two multifractional plane waves as the ⋆-
product of two normal phases, one can extract an approx-
imate commutation relation of the coordinates. However,
the latter is ill-defined because it features the momenta
of both plane waves. The cause is identified in the fac-
torizability of the multifractional measure. In Sec. III,
we move our focus onto the type of noncommutative al-
gebras arising when the coordinates in position and mo-
mentum space of multifractional theories are promoted to
noncommuting operators. In Sec. III A, we rederive the
main result of [30] with a much easier and faster method
which also has the virtue of being independent of the re-
quirement of cyclicity invariance. Instead of applying the
Weyl map on plane waves as done in [30], we will simply
compute the phase-space (position-momentum) Heisen-
berg algebra. Thus, the connection found in [30] between
κ-Minkowski and multifractional spacetimes turns out
to be much more general than in its original derivation.
These results are generalized, in Sec. III B, to arbitrary
measures as well as Poincare´ and Heisenberg algebras.
A comparison between the deformed gravity algebra of
LQG and the one in the multifractional theories with q-
and weighted derivatives is carried out in Sec. IV. Section
V is devoted to conclusions.
In most of the paper, we work in 1 + 1 dimensions
for simplicity and with time-space signature (−,+). The
generalization to many spatial directions is straightfor-
ward and does not entail any relevant modification of
the results presented here. ~ = 1 = c throughout and
8πG = 1 in Sec. IV.
II. A NO-GO THEOREM: SEPARATION IN
THE MULTISCALE LANDSCAPE
A. Essential facts about multifractional theories
The purpose of this subsection is to introduce only
the technical ingredients of multifractional spacetimes
needed in the paper; it is not meant to give a self-
contained, exhaustive introduction on the subject. The
reader is encouraged to consult the bibliography for all
details concerning theoretical foundations, conceptual
topics, physical interpretation and phenomenology. Re-
cent overview sections can be found in [31, 35].
The first element we will use is the existence of
a factorizable nontrivial measure in position and in
momentum space. By definition, any given mul-
tifractional field-theory action S =
∫
dDq(x)L in
D topological dimensions is characterized by a mea-
sure dDq(x) = dq0(x0) dq1(x1) · · · dqD−1(xD−1) =
dDx v0(x
0) · · · vD−1(xD−1), where qµ(xµ) are called ge-
ometric coordinates and vµ(x
µ) > 0 are D mea-
sure weights, possibly all different from one another.
The symmetries of the Lagrangian L depend on
the choice of kinetic terms for the field. In turn,
these symmetries determine the measure dDp(k) =
dp0(k0) · · · dpD−1(kD−1) = dDk w0(k0) · · ·wD−1(kD−1)
in momentum space. Of the four extant multifrac-
tional theories, we will consider only those with so-called
q-derivatives and with weighted derivatives. The for-
mer, where all derivative operators ∂µ = ∂/∂x
µ in the
field-theory action are replaced by ∂/∂qµ(xµ) (called q-
derivatives), is characterized by a specific relation be-
tween position and momentum geometric coordinates,
which are canonically conjugate variables [36]:
pµ(kµ) =
1
qµ(1/kµ)
. (1)
Since 1/q(1/k) = p(k) =
∫
dk w(k) for each direction,
4the measure weight in momentum space is
wµ(k
µ) =
[
pµ(kµ)
kµ
]2
vµ
(
1
kµ
)
. (2)
In the case of the theory with weighted derivatives, where
derivative operators are ∂µ → v−1/2µ ∂µ(v1/2µ · ), the mea-
sure weight w(k) is arbitrary [37]. The gravitational and
particle-physics actions of these theories can be found in
[36, 38].
The form of the geometric coordinates qµ(xµ) is dic-
tated by fractal geometry and it is constrained by two re-
quirements: to have an anomalous scaling at small scales
(i.e., such that q is not linear in x) and to display a dis-
crete scale invariance at possibly even smaller scales [9].
In a couple of places below, we will take the example of
the isotropic coarse-grained binomial measure
qµ(xµ) ≃ q∗(xµ) := xµ + sgn(xµ)ℓ∗
α
∣∣∣∣xµℓ∗
∣∣∣∣α , (3a)
where 0 < α < 1 is a constant and ℓ∗ is the only char-
acteristic length scale of the measure (more scales cor-
respond to polynomial measures, called multiscale [9]).
This measure has an anomalous scaling for |xµ| ≪ ℓ∗ de-
termined by α along all spacetime directions (isotropy).
Discrete scale invariance has been washed away by a
coarse-graining procedure at scales smaller than ℓ∗ [9]
and is not apparent in (3a). In the theory with q-
derivatives, the conjugate momentum measure reads
pµ(kµ) ≃ p∗(kµ) := k
µ
1 + α−1|ℓ∗kµ|1−α . (3b)
B. Multifractional from noncommutative
We begin the program outlined in the introduction by
establishing whether κ-Minkowski spacetime corresponds
to some multifractional spacetime with a certain mea-
sure. The symmetry algebra of κ-Minkowski spacetime
is given by the bicross-product κ-Poincare´ algebra and it
has been introduced in Refs. [39, 40] at the beginning of
the 1990s. As a first approximation, we can focus on the
deformation of the Casimir operator of the κ-Poincare´
algebra: in D = 1 + 1 dimensions,
C = −
(
2
λ
sinh
λK0
2
)2
+ eλK0K2, (4)
where λ = ℓPl is the Planck length, K and K0 are the
generators of, respectively, spatial and time translations
in the bicross-product basis and we are restricting to the
massless case. Our aim is to find the factorizable measure
dQ0(X0)dQ1(X) of position space from the on-shellness
relation e−λK0C = 0 suggested by Eq. (4). Defining
P0 =
2
λ
e−
λK0
2 sinh
λK0
2
, P = K , (5)
we recover the standard relation −P 20 + P 2 = 0 between
the time and the spatial parts of the momentum. We can
read off the spacetime coordinates from Eq. (1):
Q = X , Q0 =
λe
λ
2X0
2 sinh λ2X0
=
λ
1− e−λ/X0 . (6)
Therefore, using the relation (1) between conjugate geo-
metric coordinates, we have been able to shift the non-
trivial features of the κ-deformed Casimir (4) from mo-
mentum space to position space. To check that the space-
time dimensionality changes with the scale, we can calcu-
late the Hausdorff dimension dH := d lnV/d lnR, where
V = ∫
ball
dQ0dQ1 is the volume of a 2-ball of Euclidean
radius
√
X20 +X
2
1 = R. Clearly, the spatial dimension is
1. The Euclideanized time direction is less trivial. Cen-
tering the ball at X0 = 0 = X , from Eq. (6) one has
V ∝ R
1− e−λ/R ⇒ dH = 1−
λ/R
1− eλ/R . (7)
In D dimensions, one replaces 1→ D−1. In the infrared
(IR, |λ/R| ≪ 1, large scales and long time intervals),
we get standard spacetime with Q0 ≃ X0, V ∼ RD and
dH ≃ D− 1 + 1 = D. In the ultraviolet (UV, |λ/R| ≫ 1,
small scales and short time intervals), the time direction
becomes degenerate, Q0 ≃ λ(1 + e−λ/X0) ≃ λ, and dH ≃
D − 1 + 0 = D − 1. Thus, the Hausdorff dimension runs
from D− 1 to D monotonically. In 4 dimensions, it runs
from 3 to 4.
Another useful geometric indicator is the spectral di-
mension of spacetime (see, e.g., [41] for an introduc-
tion), defined as dS := −2d lnP(σ)/d ln σ, where σ is
a (length)2 parameter representing the probed scale and,
in the multifractional theory with q-derivatives, P(σ) =∫
dDP exp[−Q0(σ)PµPµ] ∝ [Q0(σ)]−D/2 [10]. Then,
dS = Dλ/[(e
λ/σ − 1)σ]. In the IR (λ/σ ≪ 1), dS ≃ D,
while in the UV (λ/σ ≫ 1) dS ≃ 0.
However, the multifractional spacetime found from the
Casimir operator is not κ-Minkowski spacetime. An easy
way to see this is to compare the measure in momentum
space, which is different: factorizable in the multifrac-
tional case (in order to have an invertible Fourier trans-
form [36, 37]) and nonfactorizable in the noncommuta-
tive case. Also, the running of dS found above is not the
dimensional flow of κ-Minkowski spacetime where, for
the bicross-product Casimir, the spectral dimension de-
creases from the UV to the IR [6]. Therefore, the Casimir
alone cannot establish a duality between κ-Minkowski
and a multifractional spacetime, although it does corre-
spond to the dispersion relation of a multiscale spacetime.
This spacetime is not multifractal because the measure
Q0(X0) in Eq. (6) does not correspond to a fractal geom-
etry [9]. The same conclusion is reached after computing
the walk dimension and noting that it does not combine
with the Hausdorff and spectral dimension in the way it
should for fractals [31].
5C. Noncommutative from multifractional
The factorizable measure of multifractional models is
the main obstacle towards establishing a duality between
them and noncommutative spacetimes. However, com-
mutative multiscale theories with nonfactorizable mea-
sures [3, 42, 43] were shown to be not very manageable in
early studies of fractal spacetimes on a continuum [29],
which was the reason to propose the factorizable mea-
sures of modern multifractional theories [9, 44]. Since the
technical problems entailed in multiscale nonfactorizable
measures seem unavoidable, and since κ-Minkowski is a
multiscale theory (by definition) where nonfactorizability
issues are solved with the elegant machinery of noncom-
mutative products, we might as well regard noncommuta-
tive spacetimes as the natural generalization of multifrac-
tional spacetimes to nonfactorizable measures. In this
case, both classes of theories are multiscale but the land-
scape of noncommutative models might contain the land-
scape of multifractional spacetimes. If this conjecture
were true, one should be able to write a nontrivial phase-
space Heisenberg algebra for any of the four known mul-
tifractional theories. The theory with ordinary derivative
does not have a well-defined momentum transform and
has therefore been regarded as a multiscale toy model;
we do not expect it to correspond to any noncommuta-
tive spacetime. The theory with fractional derivative is
still under construction and we cannot say much about
its relation with noncommutative models. The theory
with q-derivatives and that with weighted derivatives are
the best studied and we can work directly on them. The
following calculation proves the conjecture “noncommu-
tative implies multifractional” wrong. In other words,
despite some remarkable similarities at the level of the
spacetime measure, noncommutative and multifractional
models constitute separate, nonoverlapping regions in the
landscape of multiscale theories.
Consider the multifractional theory with q-derivatives.
If it corresponded also to a noncommutative spacetime,
then we should be able to derive the Moyal product from
the product of functions of the geometric coordinates
qµ(xµ) defining the theory. The opportunity of finding
the ⋆-product in this way resides in the nonlinearities
brought by both the coordinates qµ(xµ) and their conju-
gate momenta pµ(kµ). Thus, let us consider the compo-
sition of two plane waves
eipµ(kµ) q
µ(xµ) eipν(k˜ν) q
ν(xν), (8)
where index contraction follows the Einstein convention
(pµq
µ = ηµνp
µqν) and, for our purposes, the coordinate
profiles are given by Eq. (3). Although the full multifrac-
tional profiles are more complicated, the binomial exam-
ple is enough. Momenta pµ(kµ) and coordinates q
µ(xµ)
are nonlinear functions of kµ and x
µ, respectively. Let us
suppose, for simplicity, that the measure is deformed only
in the spatial part, i.e., q0 ≡ x0 and p0 ≡ k0. Our aim is
to interpret Eq. (8) as the Moyal product eikµx
µ
⋆ eik˜νx
ν
of two plane waves on x-space. Plugging Eq. (3) into Eq.
(8), expanding for small momenta, and taking the result-
ing expression as our definition of the ⋆-product, in 1+1
dimensions we get
eikµx
µ
⋆ eik˜νx
ν
:= exp
[
i(kµ + k˜µ)x
µ + i
ℓ∗
α
(k1 + k˜1)
∣∣∣∣x1ℓ∗
∣∣∣∣α
−i
(
k1
|ℓ∗k1|α−1 +
k˜1
|ℓ∗k˜1|α−1
)
x1
α
]
. (9)
The final step consists in using the above definition to
find the corresponding noncommutative theory. This can
be done by means of a Weyl map, which is an isomor-
phism between a given noncommutative algebra for the
spacetime coordinatesXµ and a corresponding ⋆-product
(or Moyal product). In other words, a Weyl map Ω is
a one-to-one correspondence between a noncommutative
theory and a commutative theory with a nontrivial mul-
tiplication rule. This means that, using a Weyl map Ω,
we can write the product of two functions F (Xµ) and
G(Xν) depending on noncommutative coordinates Xµ
in terms of a nontrivial multiplication rule between two
functions f(xµ) and g(xν) of the commutative coordi-
nates, i.e., F (Xµ)G(Xν) = Ω[f(xµ) ⋆ g(xν)]. We hereby
introduce a suitable Weyl map defined by
eikµx
µ
⋆ eik˜νx
ν
:= Ω−1
(
eikµX
µ
eik˜νX
ν
)
≃ Ω−1
(
ei(kµ+k˜µ)X
µ−
kµk˜ν
2
[Xµ,Xν ]
)
= Ω−1
(
ei(kµ+k˜µ)X
µ+
k0 k˜1−k1 k˜0
2
[X1,X0]
)
,
(10)
where we have used the first-order approximation of the
Baker–Campbell–Hausdorff (BCH) formula. Equating
this with Eq. (9), we finally obtain the commutation rule
[X1, X0] =
2i
k0k˜1 − k1k˜0
[
ℓ∗
α
(k1 + k˜1)
∣∣∣∣X1ℓ∗
∣∣∣∣α
−
(
k1
|ℓ∗k1|α−1 +
k˜1
|ℓ∗k˜1|α−1
)
X1
α
]
. (11)
If we wrote, for instance, the noncommutative La-
grangian of a scalar field with this result, then by con-
struction we would obtain the scalar-field Lagrangian of
the q-theory approximately.
However, Eq. (11) is ill-defined because it depends on
the momenta of both plane waves, while it should be
momentum independent. The explicit reference to plane
waves’ momenta prevents us from interpreting Eq. (11) as
a general noncommutative spacetime algebra that should
hold for any number of waves. This happens because
we imposed the commutator to give the nonlinear terms
coming from the BCH formula. For a well-defined non-
commutative theory there is a mutual compatibility be-
tween the ⋆-product, the Weyl map Ω and the noncom-
mutativity of Xµ. In particular, the ⋆-product matches
6the nonlinear functions of the momenta appearing in the
terms of the BCH expansion [see the last line of Eq. (10)]
in such a way that the commutator involvingXµ does not
depend on momenta. Clearly, it does not happen in the
case we are analysing here. Moreover, both (9) and (11)
are completely ad hoc formulæ constructed for the com-
position of two plane waves and they would not work for
three or more phases. All these problems stem from the
factorizability of the measure of the q-theory. There is, in
fact, a clear tension between Eqs. (9) and (10): while the
first is a factorized composition of position and momen-
tum coordinates, the second tends to mix the momenta
of both waves. Forcing the definition (9) results in the
expression (11).
That the form of the multifractional measure is the
main problem for an interpretation of multifractional the-
ories as noncommutative ones can be seen in another way.
Consider the scalar-field action in the q-theory in 1 + 1
dimensions:
Sq = −1
2
∫
d2q
(
∂qµφ∂
qµφ+m2φ2 +
2σ
n!
φn
)
=
1
2
∫
dq0dq1
[
(∂q0φ)
2 − (∂q1φ)2 −m2φ2 − 2σ
n!
φn
]
=
1
2
∫
dx0dx1
[
v1
v0
(∂0φ)
2 − v0
v1
(∂1φ)
2 − v0v1m2φ2
−v0v1 2σ
n!
φn
]
(12)
and let us compare it with the scalar-field action in a
generic (i.e. without specifying any specific form for the
⋆-product) noncommutative theory:
S⋆ = −1
2
∫
d2x
(
∂µφ ⋆ ∂
µφ+m2φ ⋆ φ+
2σ
n!
φ ⋆ φ ⋆ ... ⋆ φ
)
.
(13)
In the action Sq, we have done easy manipulations in or-
der to shift the nontrivial form of the q-measure as well
as of the q-derivatives to prefactors in front of the fields.
In this way, since in a noncommutative theory the ⋆-
product between fields produce nontrivial prefactors, we
can check whether it is possible to match deformations in
Sq with those carried by the ⋆-products in S⋆. However,
this is not the case. In Sq, there are three terms quadratic
in the field φ but all of them have different measure pref-
actors given by the combinations of the profiles v0(x
0)
and v1(x
1). In D dimensions, the µth component of the
kinetic term has a “deformation” v0v1 · · · (1/vµ) · · · vD−1,
while the mass term has a v0 · · · vD−1 prefactor. It is then
difficult to read a ⋆-product in this type of action, since
terms in S⋆ with the same number of fields (e.g. kinetic
and mass term) have the same deformation because they
are all of the form φ ⋆ φ and the derivatives of the ki-
netic term do not affect the ⋆-product. This is a general
feature of noncommutative theories that does not fit the
structure of multifractional actions.
The same conclusion can be reached in all other mul-
tifractional theories with factorizable measures. For in-
stance, in the theory with weighted derivatives the free
scalar-field case is trivial because, after a field redefinition
φ→ φ/√v0v1, the O(φ2) part coincides with a commuta-
tive theory (see Ref. [45] for the details of the dynamics
in D dimensions). This is not an issue per se because
one could invoke the trace property on the free part and
concentrate on nonlinear field terms. The interaction φn
has exactly the same structure as in Eq. (12) and its de-
formation v0v1 could be used as a ⋆-product, were it not
for the fact that interacting noncommutative field theo-
ries are not easy to work out. Although we do not try
this calculation here, we do not foresee any way to avoid
the factorizability problem.
III. NONCOMMUTATIVE AND
MULTIFRACTIONAL
Although we cannot interpret multifractional space-
times as noncommutative, we can make them so and
study the corresponding deformed symmetry algebras.
Instead of a direct construction, we follow a more attrac-
tive path which, in generic terms, starts from a noncom-
mutative symmetry algebra and leads to a multifractional
measure. We begin with a special case and then move to
the general one.
A. Multifractional spacetimes from κ-Minkowski
phase-space algebra
Working in D = 1 + 1 dimensions, we can denote
with (Q,Q0, P, P0) the phase-space operators of the mul-
tifractional theory with q-derivatives with a generic non-
trivial weight measure given by dQ0dQ = dX0dXv(X).
We assume that such a deformed measure only depends
on the spatial coordinate X , while the time part is left
unmodified (i.e., it has a trivial weight). This assump-
tion is dictated only by the aim of the following calcu-
lation, which is to reproduce the κ-Minkowski algebra.
Of course, one can conceive the general case with a non-
trivial time measure and repeat the procedure detailed
below. In that case, one will find a more general non-
commutative spacetime that collapses to κ-Minkowski in
the limit Q0(X0)→ X0. The calculation would be com-
plicated by the presence of commutators [f1(X0), f2(X)]
between functions of operators, which can be written as
infinite series once f1,2 are known [46].
By definition, the geometric coordinates obey the
Heisenberg algebra
[Q,P ] = i, [Q0, P0] = −i, [Q,P0] = [Q0, P ] = 0,
(14)
and they are related to the phase space generated by
(X,X0,K,K0) in the following way:
Q =
∫
dX v(X), Q0 = X0, P =
1
v(X)
K, P0 = K0 ,
(15)
7where v is the measure weight in the spatial direction.
The third expression is a consequence of imposing the
canonical commutation relations [Q,P ] = i and [X,K] =
i, which are the quantum counterpart of the classical
canonical relation (1).
We want to prove that the multifractional weight is
given by v(X) ∝ |X |−1 if X and X0 are κ-Minkowski
coordinates, i.e.,
[X,X0] = iλX . (16)
Such a result, that establishes a connection between mul-
tifractional and noncommutative spacetimes, was first
derived in Ref. [30]. However, in that case the analysis
was done in position space and by using the ⋆-product
to find a map between the set of (Q,Q0) coordinates and
(X,X0). Information on the multifractional momentum
space was not used and this permitted to keep the mul-
tifractional side of the correspondence arbitrary. On the
other hand, here we find the same outcome in a more
compact way just using the deformed Heisenberg alge-
bra of the κ-Minkowski phase space, but specifying the
multifractional theory to be the one with q-derivatives.
The κ-Heisenberg algebra is given by the commutation
relations [47]
[X,K] = i, [X0,K0] = −i, (17)
[X,K0] = 0, [X0,K] = iλK, (18)
as one can easily check by computing the Jacobi identi-
ties involving the phase-space operators and taking into
account (16).
The explicit form of the measure weight v(X) can be
derived thanks to the two sets of commutators (14) and
(17). To this aim, let us consider the commutation rela-
tion between time Q0 and the spatial momentum opera-
tor P :
0 = [P,Q0] = [
1
v(X)
K,X0]
=
1
v(X)
[K,X0] + [
1
v(X)
, X0]K
=
1
v(X)
(−iλK)− v
′(X)
v2(X)
[X,X0]K
= − iλ
v(X)
[
1 +
v′(X)
v(X)
X
]
K , (19)
where v′(X) = dv(X)/dX and we have used the third
expression in Eq. (15) and the phase-space commutators
(17). Notice that the ordering between X and K is non-
trivial because they are noncommuting variables. Inte-
grating over X and introducing a length scale λ to keep
v dimensionless, we get
−
∫
dX
X
=
∫
dv
v
⇒ v(X) = λ|X | , (20)
which is exactly the measure found in Ref. [30]. Apart
from the shortness of this novel derivation, the main
advantage comes from the fact that we have not as-
sumed any specific form for the integration measure on
κ-Minkowski spacetime, contrary to the analysis of Ref.
[30]. There, the argument was based on a comparison
of the fractional measure with the κ-Minkowski cyclic-
invariant measure, which has the drawback of breaking
the relativistic symmetries (see, e.g., [48]). Here we have
found the measure (20) relying only on the commuta-
tors of the phase space of both multiscale (14) and κ-
Minkowski (17) variables. In this way, we have not been
forced to introduce a symmetry-breaking measure on κ-
Minkowski spacetime.
The measure weight v(x) ∼ 1/|x| arises as the ultra-
violet limit of a multifractional measure with logarith-
mic oscillations. In this limit, the fundamental scale ℓ∞
appearing in the oscillatory part is factored out of the
asymptotic measure as an overall constant. Thus, the
theoretical problem of the disappearance of the Planck
length in the κ-Minkowski cyclic-invariant measure was
solved in [30] by regarding κ-Minkowski spacetime as
the limit of noncommutative multifractional Minkowski
spacetime and by identifying ℓ∞ with the Planck scale.
This embedding would be fully valid only if the symme-
tries of κ-Minkowski exactly matched those of the multi-
fractional q-theory. Here we checked this correspondence
at the level of the Heisenberg algebra and, in the next
subsection, we will give another proof at the level of the
Poincare´ algebra. Therefore, the geometrical and physi-
cal interpretation of [30] is confirmed. Note that there is
no contradiction between this result and the fact that we
cannot identify multifractional field theories with non-
commutative field theories, first because the embedding
of κ-Minkowski in the multifractional framework is at the
level of spacetime, not of field theory; and, second, be-
cause such embedding is of a noncommutative spacetime
within another, while the negative results of the previous
section involve noncommutative theories on one hand and
commutative multifractional theories on the other hand.
B. Noncommutative spacetimes from multiscale
deformed symmetries
In this subsection, we start from the multifractional
q-theory and recast it as a noncommutative spacetime
with exactly the same symmetries. By definition, the
dynamics of this theory in the absence of curvature is
invariant under the so-called q-Poincare´ symmetries
qµ(x′µ) = Λµνq
ν(xν) + aµ , (21)
which correspond to highly nonlinear transformations
of the x-coordinates. This means that, in the q posi-
tion space, we have the undeformed Poincare´ commuta-
tors between the classical generators N and momenta
(P0, P ) of, respectively, infinitesimal boosts and time-
space translations:
[N , P ] = iP0 , [N , P0] = iP , [P0, P ] = 0 , (22)
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N = i
(
Q
∂
∂Q0
−Q0 ∂
∂Q
)
, P0 = i
∂
∂Q0
, P = −i ∂
∂Q
.
On the other hand, these q-Poincare´ commutators gen-
erate the nonlinear transformations (21) on the X po-
sition space. In order to make this manifest, we derive
the symmetry algebra expressed in terms of the momenta
(K0,K). To this end, we consider the simplified case in
which only the spatial part of the measure is modified.
Then, P0 = K0 and P = P (K) is determined by the
geometric coordinates in position space via Eq. (1). In
terms of the momenta (K0,K), the symmetry algebra is
[N ,K] = iK0
w(K)
, [N ,K0] = iP (K), [K,K0] = 0,
(23)
where, according to Eq. (2), w(K) = (P 2/K2)v(1/K).
These commutation relations reduce to the usual
Poincare´ algebra if we send to infinity the deformation
parameter appearing in w→ 1 and P → K. For instance,
for the operatorial version of the binomial measure (3)
Q(X) = X + sgn(X)
ℓ∗
α
∣∣∣∣Xℓ∗
∣∣∣∣α , (24a)
P (K) =
K
1 + α−1|ℓ∗K|1−α , (24b)
one has
v(X) = 1 +
∣∣∣∣Xℓ∗
∣∣∣∣α−1 , w(K) = 1 + |ℓ∗K|1−α(1 + α−1|ℓ∗K|1−α)2 ,
(25)
and the limit giving the standard Poincare´ algebra is
|ℓ∗/X | → 0← |ℓ∗K| (vanishing fundamental length scale
at which multiscale effects become apparent).
Interestingly, the deformation we have obtained is
given by nonlinear functions of the generators of trans-
lations (i.e., K and K0) on the X position space. These
kinds of modifications are those studied to character-
ize the relativistic symmetries of noncommutative space-
times (see Ref. [49] for a recent review on generalized de-
formations of the Poincare´ algebra in the framework of
quantum groups). In the light of this analogy, we want
to determine what type of noncommutativity of the co-
ordinates (X0, X) is implied by (23). Our strategy is
to derive the commutation relations involving the set of
operators (N ,K0,K,X0, X) from the known commuta-
tors of both the q-Poincare´ algebra (22) and the Q phase
space. Then, we will look for the outcome of the commu-
tator [X,X0] needed to satisfy all the Jacobi identities.
Let us start by deriving the commutators between the
boost operator N and (X0, X). They can be obtained
from the corresponding commutators on the Q space,
which are by definition
[N , Q0] = iQ, [N , Q] = iQ0 , (26)
giving the desired commutation relations [N , X0] and
[N , X ]:
[N , X0] = iQ(X), [N , X ] = iX0v−1(X) . (27)
Given the above deformed actions of N on the coor-
dinates, one can now derive the commutator between
spacetime coordinates by requiring the validity of the Ja-
cobi identity involving (N , X,X0):
0 = [[N , X ], X0] + [[X0,N ], X ] + [[X,X0],N ]
= iX0[v
−1(X), X0] + [[X,X0],N ]
= −iX0[X,X0] v
′
v2
+ [[X,X0],N ] . (28)
At this point, we make two mutually exclusive Ansa¨tze:
either
[X,X0] = ih(X0) (29)
or
[X,X0] = if(X) . (30)
In the first case, Eq. (28) and the first commutator in
(27) give X0h(X0)v
′(X)/v2(X) = Q(X)h′(X0), which is
solved by
h(X0) = βe
X2
0
/(2l2) , Q(X) =
√
2lErf−1
(√
2
π
X
l
)
,
where β is a dimensionless constant, l is a constant length
and Erf−1 is the inverse error function. This noncom-
mutative spacetime is compact and has a very strange
behaviour: it has a canonical position-space algebra in
the double early-time limit |X0/l| ≪ 1 and UV limit
|X/l| ≪ 1 (where Q ≃ X). Since it does not possess a
well-defined IR limit, we discard this solution.
Case (30) is more appealing. From Eq. (28) and the
second commutator in (27), we have v′/v = −f ′/f , hence
f = λ2/v, where λ is a constant length:
[X,X0] =
iλ2
v(X)
. (31)
Fortunately, the measure weight v(X) is unconstrained
and it can take the standard form in multifractal space-
times with q-derivatives [in the absence of log oscillations,
Eq. (25)]. If λ = 0, the algebra of the coordinates is triv-
ial, [X,X0] = 0 and position space is commutative. If
λ 6= 0, then Q position space is canonical. In fact, from
the definition of geometric coordinates it follows directly
that
[Q,Q0] = iλ
2 . (32)
The nature of position space depends on whether one
imposes λ = 0 (commutativity) or λ 6= 0 (noncommuta-
tivity). Note that for v(X) = λ/X , Eq. (31) reproduces
the κ-Minkowski algebra (16). Thus, up to an absolute
9value we have obtained the same result of the previous
subsection, but using the Poincare´ algebra instead of the
Heisenberg one. Repeating the procedure we adopted to
derive Eq. (23) and considering the Jacobi identity for
N , X0 and K, the remaining commutators read
[K,X ] = − i
v(X)w(K)
, [K0, X0] = i, (33a)
[K0, X ] = 0, [K,X0] = 0 . (33b)
Equipped with these commutators, one can finally check
that all the Jacobi identities are satisfied.
The choice λ 6= 0 in Eq. (31) defines a noncommuta-
tive extension of the multifractional theory under exam-
ination. In order to complete this extension, we need to
identify a suitable Weyl map. After having found a cor-
respondence between the noncommutativity given by Eq.
(31) on the x-space and the canonical noncommutative
q-space, it is immediate to write down the ⋆q-product for
a canonical spacetime with (32):
fp(q
0, q) ⋆q gk(q
0, q) = Ω−1q [fp(Q
0, Q)gk(Q
0, Q)]
= ei(pµ+kµ)q
µ
e−iλ
2p0k, (34)
where µ = 0, 1. Such a Weyl map allows us to work with
functions depending on commutative coordinates (q0, q)
equipped with the ⋆q-product (34). For instance, the
action for a real scalar field φ with self-interaction reads
S⋆q = −
∫
dq0dq
(
1
2
∂qµφ ⋆q ∂
qµφ+
m2
2
φ ⋆q φ
+
σ
n!
φ ⋆q · · · ⋆q φ
)
. (35)
The same line of reasoning applies also to the x posi-
tion space but with more technicalities due to the form
of Eq. (31). By definition of the Weyl map, we know
that fp(X
0, X)gk(X
0, X) = Ωx[fp(x
0, x) ⋆x gk(x
0, x)],
where the coordinates (x0, x) are commutative while
(X0, X) obey Eq. (31). Then, we can express functions
of noncommutative coordinates as inverse Fourier trans-
forms of commuting functions on momentum space, i.e.,
f(X0, X) = (2π)−1
∫
dp0dp eipµx
µ
f¯(p0, p). Thus, in or-
der to find the ⋆x-product explicitly, we must be able to
compute the product of phases such as eipµX
µ
eikνX
ν
de-
pending on noncommuting operators. This can be done
by exploiting the BCH lemma that, in general, gives
such a product in terms of the sum of the two oper-
ators plus an infinite series of corrections. The latter
are combinations of the commutators between the op-
erators: exp(ipµX
µ) exp(ikνX
ν) = exp[i(kµ + pµ)X
µ −
kµpν [X
µ, Xν]/2+O(λ4)] = exp{i(kµ+pµ)Xµ+iλ2(k0p−
kp0)/[2v(X)] + O(λ4)}, where we used Eq. (31) and we
restricted only to the first-order correction term. Un-
fortunately, in the case of Eq. (31) we do not have a
simplified version of the BCH formula. This prevents us
from finding explicitly the ⋆x-product at all orders in λ
which, thus, can be introduced only in a formal way (i.e.,
order by order).
IV. MULTISCALE HYPERSURFACE
DEFORMATION ALGEBRA
So far, we have ignored gravity and considered space-
times embedded in flat Minkowski. Turning gravity on,
we can extract interesting information about spacetime
symmetries in the curved case.
In the Hamiltonian formulation of general relativity,
the general covariance of the theory is encoded in the
algebra closed by the scalar (H [N ]) and vector (D[N i])
constraints, the so-called hypersurface-deformation alge-
bra (HDA) [50]:
{D[Mk], D[N j ]} = D[L ~MNk],
{D[Nk], H [M ]} = H [L ~NM ], (36)
{H [N ], H [M ]} = D[hjk(N∂jM −M∂jN)],
whereH [N ] andD[N i] depend, respectively, on the lapse
function N and the shift function N i and L is the Lie
derivative.
Multiscale spacetimes depart from classical Rieman-
nian geometry due to the introduction of a nontrivial
integro-differential structure independent of the metric
structure. A natural question, which we answer here for
the first time, is whether the HDA should be deformed
in this framework. Moreover, recently there has been a
growing effort in studying quantum deformations of Eqs.
(36) in the context of effective models motivated by loop
quantum gravity [32, 34]. Therefore, it is interesting to
compare the LQGmodifications in the effective-dynamics
approach with possible modifications of the HDA in the
multifractional approach.
In the previous sections, we have seen that multifrac-
tional measures in the Minkowski embedding produce
nonlinear deformations of the Poincare´ algebra. In gen-
eral, the Poincare´ algebra can be obtained as the flat-
spacetime limit of the HDA, a fact that crucially helped
to find an agreement between κ-Poincare´ and the HDA
with LQG holonomy corrections (see Refs. [23, 33]). This
suggests to look for a possible connection between LQG
in the effective-dynamics approach and multifractional
theories. In this section, we derive the HDA in two differ-
ent multifractional models: the theory with q-derivatives
and that with weighted derivatives.
A. Theory with q-derivatives
Gravity in multifractional theories has been studied in
Ref. [36]. The case of the q-theory is simple and amounts
to replacing xµ → qµ(xµ) everywhere in the standard
Einstein–Hilbert action of general relativity. Despite
its simplicity, this replacement gives rise to a nontriv-
ial physics because it introduces a preferred frame where
all observables should be computed [31, 36]. It is easy to
guess that the constraint algebra has the same form of
Eq. (36), with the difference that coordinates now are the
composite objects qµ(xµ). However, as a consequence,
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neither the first-class constraints (36) nor the Lie deriva-
tives therein are the standard ones. Since the spatial
q-derivatives can be expressed as ∂qi = v
−1
i (x
i)∂i (where
∂i = ∂/∂x
i), we can write explicitly the q-HDA as
{Dq[Mk], Dq[N j ]} = Dq
[
1
vj(xj)
(M j∂jN
k −N j∂jMk)
]
,
{Dq[Nk], Hq[M ]} = Hq
[
1
vj(xj)
N j∂jM
]
, (37)
{Hq[N ], Hq[M ]} = Dq
[
hjk
vj(xj)
(N∂jM −M∂jN)
]
,
where the index of the deformed measure weight vj is
inert and it is not contracted with other indices. We
stress that the constraints Hq[N ] and Dq[Nk] generate
time translations and spatial diffeomorphisms of the ge-
ometric coordinates qµ(xµ), which means that these are
not the usual time translation and diffeomorphisms, as it
would become evident when turning to x-spacetime.
Thus, all Poisson brackets acquire the same anisotropic
deformation in the right-hand side. Such a result is not
compatible with the LQG modifications of the HDA in
the effective-dynamics approach because, in the latter
case, spatial diffeomorphisms are unmodified (i.e., both
{D,H} and {D,D} remain untouched). On the other
hand, the scalar part {Hq, Hq} of Eq. (37) can be com-
pared with the analogous LQG bracket
{H [N ], H [M ]} = D [βhjk(N∂jM −M∂jN)] , (38)
where β is a phase-space background-dependent function.
Although one might naively identify the LQG deforma-
tion function β = 1/vi(x
i) with the inverse of the multi-
fractional spatial measure weight, we also have deforma-
tions in the other brackets. Another point of departure
comes from the fact that the q-deformation (37) of the
HDA is background independent: it consists only in the
measure of the anomalous geometry, which is completely
independent of the metric structure. Finally, while β can
change sign in different regimes (an effect often inter-
preted as a spacetime signature change), 1/v is always
positive definite.
A deformed HDA and the related signature-change ef-
fect appear only when cancellation of quantum anomalies
is imposed in the LQG algebra. In two cosmological ap-
proaches to loop quantum gravity, based on a dressed
metric [51–54] or on a hybrid quantization scheme [55–
58], no such deformation is found (β = 1 in (38)). The
multifractional theory with q-derivatives also differs from
these cases, since all q-Poisson brackets are deformed and
the gravitational physics is qualitatively different from
the LQG one [36]. We conclude that, regardless of the
quantization scheme adopted, the HDA of loop quan-
tum gravity (and, in particular, loop quantum cosmol-
ogy) and of the multifractional q-theory are physically
inequivalent.
B. Theory with weighted derivatives
In the multifractional theory with weighted derivatives,
the gravitational field behaves quite differently. After
a frame choice, a conformal transformation of the met-
ric and some field redefinitions, it is possible to write
the gravitational action of the system as the standard
Einstein–Hilbert action plus a rank-0 function φ(x) that
looks like a scalar field [36]. Since the form of the HDA
is insensitive to the specific matter content of the theory,
one might think that the gravitational and the scalar
parts should satisfy separately the classical HDA (36).
However, φ = φ[vµ(xµ)] is not a scalar field, since it is a
nondynamical function of the measure.
The super-Hamiltonian constraint can be written as
H [N ] = H0[N ] +Hφ[N ] =
∫
d3xN(H0 +
√
hHφ), where
h is the determinant of the spatial metric,
H0 = πlkπ
lk
√
h
− π
2
2
√
h
− (3)R
√
h (39)
is only metric dependent and the density Hφ is both met-
ric and measure dependent. The diffeomorphism con-
straint is the usual one, D[Nk] = −2 ∫ d3xNkhkjDlπlj .
Since there are no dynamical degrees of freedom associ-
ated with φ, there is no conjugate momentum πφ. Thus,
when computing the Poisson brackets (36), the only con-
tribution of the measure-dependent φ part is given by the
last two pieces in
{H [N ], H [M ]} = {H0[N ], H0[M ]}
+
∫
d3xN(x)
∫
d3yM(y)
×{H0(x),
√
h}Hφ(y)
+
∫
d3xN(x)
∫
d3yM(y)
×Hφ(x){
√
h,H0(y)} . (40)
However, it is easy to realize that the last two Poisson
brackets cancel each other. In fact, the only terms that
give nonzero contributions to the constraint algebra are
those that contain the spatial derivative h′ij of the metric
in one argument of the Poisson bracket and the conju-
gate momentum πlm in the other. This happens because
only in that case do we get the derivative of a delta func-
tion, which prevents the term from being cancelled by the
identical Poisson bracket where the two functionals are
exchanged. Then, taking into account that the boundary
conditions are chosen such that the constraints vanish at
infinity, it is possible to shift these derivatives to N and
M thanks to an integration by parts. Following these
steps, one can work out the Dirac algebra. In the light of
this, it is clear that the measure-dependent term of the
Hamiltonian constraint with weighted derivatives does
not affect the Poisson bracket {H [N ], H [M ]}.
As a result, we can claim that standard diffeomorphism
invariance is preserved in the multifractional theory with
weighted derivatives in the absence of matter, since the
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φ-dependent correction term is not affected by diffeomor-
phisms. When interacting matter fields are present, dif-
feomorphism invariance is broken [36]. As far as LQG
is concerned, the absence of deformations in the HDA
excludes a relation between the theory with weighted
derivative and the LQG formulation where anomaly free-
dom is imposed, while the differences in the cosmologi-
cal dynamics [36] exclude a connection also in LQG ap-
proaches with undeformed HDA.
V. CONCLUSIONS
In this paper, we have explored the similarities between
κ-Minkowski and other noncommutative spacetimes with
multifractional spacetimes. We found no exact duality
between these two mutually disconnected regions of the
landscape of multiscale theories. By making the multi-
fractional theory with q-derivatives noncommutative via
a canonical quantization of the geometric coordinates, we
reproduced κ-Minkowski spacetime in the deep UV limit
of the multiscale measure, in a much more general way
than in [30]. All these results have been obtained at the
level of the Heisenberg and Poincare´ algebras of space-
time, i.e., by using symmetry arguments only. Making
symmetry algebras central in the discussion is an efficient
way to keep contact with phenomenology, since disper-
sion relations, the design of experiments involving the el-
ementary measurements of lengths and times, and other
aspects related to the physical testing of these theories
can all be derived from the spacetime algebras considered
here.
This study settles an issue left open in the litera-
ture. Having discovered that the conjectured duality
is not present, we have shed light on the mutual rela-
tion between noncommutative and multifractional space-
times. It is now clear that these occupy different places
in the wide zoo of multiscale theories [31] and, thus,
they have to be considered as two independent and dis-
tinct approaches, which should be experimentally tested
independently. The loss of a duality forbids to merge
these two proposals and, in parallel, highlights their weak
points. More attention should be paid to dimensional
flow in noncommutative spacetimes, while nonfactoriz-
able measures [3, 42, 43] deserve further investigations
albeit only as phenomenological models [29]. We feel
confident that forthcoming efforts will polarize also into
these expanding fields.
The findings of Sec. IV close a theoretical gap in the
analysis of the gravitational dynamics in multifractional
theories. We have computed the constraint algebra and
compared its deformations, when present, with those of
loop quantum gravity in the effective-dynamics approach.
There was no reason, a priori, to expect a perfect match
between these deformations, partly because the multi-
fractional cosmological dynamics [36] is clearly different
from that of loop quantum cosmology [59–61] and partly
due to the mismatch, made clear in Sec. II, between the
symmetries of multifractional spacetimes and those of κ-
Minkowski (compatible with the flat limit of LQG). How-
ever, the points of similarity with κ-Minkowski begged
for further inspection in the context of the hypersurface-
deformation algebra.
With respect to the two multifractional theories con-
sidered here, with weighted and q-derivatives, the theory
with fractional derivatives differs only in the choice of
kinetic terms [9, 44]. This choice does affect the struc-
ture of momentum space, so that both the deformed
Heisenberg algebra and the deformed Poincare´ symme-
try algebra of the theory with fractional derivatives will
most likely be different from the algebras we constructed
above. Nevertheless, since everything said here is heavily
conditioned by the factorizability property of the mea-
sure of multifractional theories, we expect all our gen-
eral arguments to apply also to the case with fractional
derivatives. In particular, this case should not be dual
to any noncommutative theory and should admit a well-
defined noncommutative extension giving rise to specific
deformed symmetries. It will be interesting to verify
these expectations, not only to complete the theoreti-
cal study of multifractional spacetimes but also because
the theory with fractional derivatives may offer a vi-
able framework where to quantize gravity perturbatively
[3, 9]. We hope to report on that in the near future.
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